In this experimental study, phase synchronization is studied in pairs of nonlinear oscillators coupled through a movable support. In particular, the dynamics of two discontinuous mass-spring-damper oscillators and the dynamics of the classical Huygens' pendulum clocks are considered. In both systems the individual oscillators are self-sustained. It is shown that in both cases, the oscillators exhibit in-phase and anti-phase synchronization. All experiments are executed on a new experimental setup consisting of two controllable mass-spring-damper oscillators coupled through an elastically supported rigid bar. The results suggest, that the synchronized motion observed by Christiaan Huygens around 1650 in a pair of pendulum clocks mounted on a flexible support, in many cases can also be observed when the pendulum clocks are replaced by other self-sustained nonlinear oscillators.
Introduction
Synchronization is one of the most deeply rooted and pervasive behaviours in nature. It extends from human beings to unconscious entities. Referring to synchronization in human beings we can mention, for instance, a couple dancing in synchrony with the rhythm of the music, synchronized swimmers, or the violinists in an orchestra playing in unison. On the other hand, synchronization of a starling flock in flight, synchronous firing of neurons and pacemaker cells, or synchronized motion of pendulum clocks are some examples of subconscious and unconscious synchronization. These examples -amongst others -are nicely described in [1, 2] . From a careful analysis of these examples, it is possible to notice that synchronization of oscillating objects or bodies seems to happen in a natural way, i.e. if the bodies are programmed in such way that a weak interaction between them will result in an adjustment of their rhythms.
Probably the earliest writing on inanimate synchronization is due to the Dutch scientist Christiaan
Huygens (1629-1695), who discovered that two pendulum clocks hanging from a common support (a wooden bar supported by two chairs, see Fig. 1 ) kept in pace relative to each other such that the two pendulums always swung together (in opposite motion) and never varied. By Huygens this was called "sympathy of two clocks". After some systematic experiments he found the source of the "sympathy": the imperceptible motion of the bar to which the pendulum clocks were attached, cf. [2, 3] . Nowadays, the phenomenon described by Huygens (pendulums approaching and receding in opposite motions) is called anti-phase synchronization for obvious reasons. Half a century after Huygens' observations, John Ellicott [4] carried out similar experiments with pendulum clocks. He concluded that the two pendulum clocks mutually affected each other. In the beginning of the 20 th century, Korteweg [5] proposed a mathematical description for the synchronization phenomenon observed by Huygens. In 1988, Blekhman proposed a model, where the clocks were modeled as self-excited oscillators. He came to the conclusion that two synchronization states can occur, namely in-phase and anti-phase synchronization, cf. [6] . From these works interesting conclusions can be drawn, namely, that when the pendula synchronize in-phase, the displacement of the coupling bar converges to a sinusoidal motion with fixed frequency and amplitude, whereas for the case where the motion of the pendula is in anti-phase, the oscillations in the bar decay.
So far, several authors have contributed towards the study of the intriguing Huygens' synchronization problem. We can distinguish two approaches: the theoretical approach and the one oriented to obtain insight by experimental analysis. Some works related to the theoretical approach are presented in [7] [8] [9] [10] [11] [12] [13] [14] . For the second approach several experimental setups have been created by researchers in order to reproduce the observations made by Huygens and find mathematical arguments for the synchronized motion of the clocks. Some of these experimental setups are presented in [15] [16] [17] . All of them have a common characteristic: the pendulum clocks are replaced by metronomes and the supporting bar is free to oscillate. In these cases, besides the synchronized motion, other kinds of motion have been reported, as for example, beating death (where one of the metronomes stops its oscillations, whereas the other one keeps oscillating) [16] and intermediate synchronization (metronomes synchronize with constant phase difference 0 < Δ phase < π but different amplitude) [17] .
At this point, it should be noted that the study of the Huygens system of pendulum clocks has received a lot of attention. However, further understanding of the complex synchronization phenomenon occurring in pairs of arbitrary oscillators (not necessarily pendulum clocks) with Huygens' coupling is still necessary. This may be motivated by the fact that the Huygens system has certain degree of similarity with other systems (not necessarily mechanical). Consider for instance the case of biological oscillators, where it has been found that two or more neural cells can show synchronized behaviour by using signaling messengers as the coupling structure [18] . Furthermore, note that in both cases, rather than determining a suitable control input to induce synchronized behaviour in the oscillators (either pendulums or biological oscillators), it is necessary to determine under which conditions (maybe related to the coupling structure) the synchronization phenomenon (in particular, in-phase or anti-phase regimes) may occur.
This work addresses the problem of synchronizing two arbitrary (identical) nonlinear oscillators with Huygens' coupling. The original Huygens system is slightly modified in the sense that each pendulum clock is replaced by an arbitrary second order nonlinear oscillator. The coupling bar, i.e. the Huygens coupling, will be considered as the key element in the occurrence of synchronization. In particular, it is shown that the mass of the coupling bar determines the limit synchronized behaviour in the oscillators namely in-phase or anti-phase synchronization. Ultimately it is experimentally demonstrated that two nonlinear oscillators may synchronize without the influence of an explicit control action, provided that the oscillators are coupled through Huygens' coupling.
An experimental platform consisting of an elastically supported (controllable) rigid bar (in Huygens' example the wooden bar on two wooden chairs) and two (controllable) mass-spring-damper oscillators (the pendulum clocks in Huygens' case) is used in the experimental analysis. In fact, this setup has the potential that its dynamical behaviour can be adjusted. This is possible due to the fact that the oscillators and the coupling bar can be actuated independently, then by using feedback, it is possible to enforce specific desirable oscillators' dynamics and likewise it is possible to modify, if desired, the behaviour of the coupling bar.
The outline of the paper is as follows. First, in Section 2, the experimental setup is described. Next, in Section 3, the in-phase and anti-phase synchronization of two self-driven discontinuous massspring-damper oscillators with Huygens' coupling is analyzed. In Section 4, the dynamics of the experimental setup is modified in order to mimic the classical Huygens synchronization problem. Phase synchronization is discussed. Finally, a discussion of obtained results and conclusions are formulated in Sections 5 and 6, respectively.
Experimental setup and model description
In order to perform an experimental analysis of the synchronized motion of oscillators with Huygens coupling it is necessary to have a suitable experimental platform where not only the original Huygens experiment can be reproduced but also other experiments for arbitrary oscillators can be performed. This is the reason why the experimental setup depicted in Fig. 2 is used in the experiments. It consists of two oscillators mounted on an elastically supported rigid bar, respectively. The system has 3 degrees of freedom (dof) corresponding to the horizontal displacements of the two oscillators and the bar, respectively. Moreover, each dof is equipped with a voice coil actuator and with a linear variable differential transformer position sensor. Figure 3 shows a schematic representation of the be linear with constant coefficients κ i ,β i ∈ R >0 , i = 1, 2, 3, respectively. Finally, x i ∈ R, i = 1, 2, 3, are the absolute displacements of the oscillators and the supporting bar respectively. Using Newton's 2nd law, it follows that the idealized -i.e. assuming that no friction is presentequations of motion of the system of Fig. 3 arë
(1) (1) have been obtained experimentally and presented in [19] . Since in an experiment only positions are measured, the state vector [x 1ẋ1 x 2ẋ2 x 3ẋ3 ] T is fully reconstructed by using a robust observer as presented in [20] .
Phase synchronization of two mass-spring-damper oscillators driven by a state dependent discontinuous force
Consider again the system depicted in Fig. 3 . Due to the damping present in the system, it is clear that a control signal should be designed such that the oscillations do not damp out. This requirement of having a control input to sustain the oscillations can be linked either to Huygens' pendulum clocks, where each pendulum is equipped with an escapement mechanism, which provides an impulsive force to the pendulum in order to keep the clocks running, or to the case of a metronome, where the energy loss due to friction is compensated by an escapement consisting of a spring, which loads a toothed wheel. In our case, the control signal should also introduce nonlinearities, which are essential in order to observe the synchronized motion of the pendulum clocks, as described by Huygens. Our experimental setup can be seen as a modern version of the original Huygens' setup, where the unforced oscillators represent the unforced pendulum clocks and the elastically supported rigid bar represents the wooden bar on two chairs used by Huygens to couple his pendulum clocks.
Therefore, first, it comes natural to relate the control input U i , i = 1, 2 with a kind of escapement mechanism as used in a pendulum clock. Secondly, this means that U i , i = 1, 2 should be designed such that on the one hand, nonlinearities are introduced to the system such that (1) may show synchronized behaviour and on the other hand, the oscillators show stable steady-state oscillations. In this section, the following state dependent discontinuous control inputs are considered
where α i ∈ R >0 influences the amplitude of the force U i , i = 1, 2, the constant x ref ∈ R >0 represents a threshold displacement value, and
The input U 3 is taken to be zero because it is desired that the bar oscillates freely. Moreover, it is clear that the controllers (2)-(3) convert system (1) into a self-driven discontinuous piecewise-linear system. Additionally, (2) assures that in steady-state, system (1) will exhibit stable oscillations.
Analysis of the anti-phase synchronization
Consider the simplified case m = m 1 = m 2 , ω = ω 1 = ω 2 , ζ = ζ 1 = ζ 2 , and α = α 1 = α 2 . The analysis continues under the assumption that |x 1 [11] ). This implies that (1) is transformed to the linear system
The situation where α > 2ζω will be considered, so that the trivial solution (5) is unstable. If system (5) synchronizes in anti-phase, then all trajectories converge to the anti-phase manifold
Therefore, it is quite natural to define anti-phase synchronization errors and their time derivatives as
Writing the error dynamics as a set of first order differential equations yields
where a = −
It is well known from stability theory for linear systems that (7) is asymptotically stable, if and only if the real parts of the eigenvalues of matrix A are negative. Then, the following proposition holds. Proposition 1. System (5) will converge to the set where x 1 (t) = −x 2 (t),ẋ 1 (t) = −ẋ 2 (t), x 3 (t) = 0, x 3 (t) = 0 provided that the roots of the characteristic polynomial:
all have negative real parts.
For a given set of fixed parameters m, ω, ω 3 , α, ζ, ζ 3 the only way to modify the roots of the characteristic polynomial (8) is by varying m 3 . Actually, this is the situation in the experimental setup, where the masses of the oscillators (m) are fixed but the mass of the supporting bar (m 3 ) may be varied by a factor 10 as stated before. This is used to experimentally show that there exist values of m 3 such that the system described by Eqs. (1) Proposition 1 cannot be directly linked to the original system (1)- (2) . Therefore, the most that can be said is that in the interval of m 3 where Proposition 1 holds, anti-phase synchronization in system (1)- (2) 
Notice that the analytical study of in-phase synchronization turns out to be more difficult. In part because the assumptions |x 1 (7)) which is independent of m 3 and moreover the obtained matrix A is not Hurwitz. It seems that the approach used for analyzing the anti-phase motion does not lead to insight in the stability of the in-phase synchronized behaviour. Therefore, a complete nonlinear stability analysis should be carried out in order to prove the stability of the in-phase synchronized motion. This problem is beyond the scope of the article and needs further research.
Experimental results
In this Subsection, experimental results are presented in order to show different synchronizing limit behaviours in the system described by Eqs. (1), (2), and (3). All experiments are performed using the constant parameter values given in Subsection 3.1. Only m 3 , the mass of the coupling bar, is varied. Three experiments are presented: one corresponding to a light coupling bar, where in-phase sync is observed, another corresponding to a heavier bar where the conditions of Proposition 1 are fullfilled for t ∈ [0, t 1 ] and anti-phase synchronization of the nonlinear system is likely to occur, and a third experiment where a transition from in-phase to anti-phase (due to a change in the mass of the coupling bar) is observed. In all experiments, the phase difference (denoted Δ phase ) is computed as in [16] .
In the first experiment, no extra mass is added to the coupling bar, hence m 3 = 4. Figs. 5a and 5b, this value and its negative counterpart are indicated by two horizontal black dotted lines.
As becomes clear from Fig. 5a , although the oscillators are released close to anti-phase synchronization, in steady-state the oscillators synchronize in-phase as depicted in Figs. 5b and 5d . Additionally, Fig. 5c shows the projection of the displacements corresponding to the oscillators onto the plane (x 1 , x 2 ). The black region corresponds to the transient behaviour prior to reach the in-phase region indicated in gray. Due to the scaling of the y−axis of Fig. 5b The behaviour of the coupling bar is depicted in Fig. 7a . Initially, the displacement of the bar is very small due to the anti-phase start-up. As long as the phase difference between the oscillators tends to zero, the oscillation corresponding to the displacement of the bar increases until the oscillators synchronize in-phase. Then, the bar keeps oscillating with fixed frequency and amplitude.
In a second experiment, the mass of the coupling bar is increased by adding two steel plates of 2.359 [kg] each one. This yields m 3 = 8.818 [kg] . Note that in this case, the conditions for Proposition Figure 6c shows the projection of the displacements corresponding to the oscillators onto the plane (x 1 , x 2 ). Again, the black region corresponds to the transient behaviour prior to reach the steady-state anti-phase region indicated in gray. Ideally, the displacement of the coupling bar should go to zero. However, due to the fact that the amplitudes of the oscillators differ slightly, because in the experimental setup the oscillators are not completely identical, the coupling bar does not come to a complete standstill as depicted in Fig. 7b . Nevertheless, the phase difference between the oscillators is approximately π [rad] as depicted in Fig. 6d . As a matter of fact, the antiphase synchronized motion observed in this experiment can also be seen if the oscillators are released from the same initial conditions as used in experiment 1. Again, due to the scaling of the y−axis of Finally, an experiment, in which there is a transition from in-phase to anti-phase synchronization, due to a change in the mass of the coupling bar, is presented. Actually, this experiment is a combination of experiment one with experiment two. Initially, experiment one is repeated, i.e, the oscillators are released from the initial conditions . The result is in-phase synchronization as depicted in Fig. 8a . Then, at t ≈ 90 [s], two additional steel plates (the same as used in experiment two) are incorporated into the coupling bar in order to increase its mass from 4.1 [kg] to 8.818 [kg] . As a result, the in-phase synchrony is lost as depicted in Fig. 8b . After a short transient, anti-phase synchronization is observed as depicted in Fig. 8c . The transition from in-phase to anti-phase motion is evident. In addition, Fig. 9 shows the time series corresponding to the displacement of the supporting bar. When the motion of the oscillators is in-phase, the bar oscillates with fixed amplitude and frequency. After adding the extra mass, the oscillations in the bar (almost) damp out.
This section is concluded with a short discussion. The experimental results show that when the system synchronizes in anti-phase, the oscillation frequency is approximately the same as the natural frequency ω 2π of the linear oscillators, whereas for the in-phase synchronization case, the oscillation frequency is approximately ω 3 2π , i.e. the natural frequency of the bar. As stated above, and as shown in Fig. 6b , when the oscillators synchronize in anti-phase, their amplitudes are (slightly) different. The most probable cause of this is again the fact that in the experiment the oscillators and their actuators are not completely identical. This means that for the same input force their amplitude responses are expected to be (slightly) different. However, in the case where the oscillators synchronize in-phase, their amplitudes are almost equal (see Fig. 5 ). The cause seems to be the additional harmonic excitation provided by x 3 andẋ 3 . This "additional excitation" drives both oscillators towards the same limit cycle.
From Fig. 7 it can be seen that the coupling bar admits at least two limit solutions. For a light bar, the oscillators act as a periodic excitation of the bar, and therefore the bar converges to a periodic solution, whereas for a heavy bar the influence of the oscillators can be seen as a vanishing disturbance, consequently, the bar (almost) converges to the trivial equilibrium solution (see the right hand side of third equation in system (1)).
The classical model of Huygens' clocks
In this section, Huygens' clocks experiment is revisited. In the analysis, the simplified model depicted in Fig. 10 is considered. In this model, the wooden bar on two chairs in Huygens' . The idealized -i.e. assuming that no friction is present -equations of motion of this system are: The limit behaviour of the uncontrolled and undamped system, i.e. u 1 = u 2 = d 1 = d 2 = 0, can be analyzed as follows [7] . Consider the total energy of the system as a candidate Lyapunov function: 
The time derivative of V along the trajectories of the uncontrolled (u 1 = u 2 = 0), and undamped
By using LaSalle's invariance principle [21] , it follows that all trajectories of system (9) tend to the set where
Moreover, it should be noticed that if the pendula are released from identical initial conditions, i.e. φ 1 (0) = φ 2 (0), the oscillations will decay completely. Although the free oscillating pendula also show a kind of "sympathy" observed by Huygens, the steady-state amplitude of the oscillations will depend on the initial conditions because the bar dissipates a part of the initial energy. The closer to in-phase the pendula are released, the more energy is lost during the process to reach the anti-phase motion. In order to compensate the loss of energy, a control input (resembling the so-called escapement mechanism) u i can be applied to pendulum i in order to ensure steady-state motion of the pendula.
Note that the idealized case discussed above (no control, no damping in pendula) can be related with Huygens' pendulum clocks experiment in the sense that, in steady-state, the energy loss due to damping is compensated by the escapement mechanism.
In the original Huygens experiment, the clocks were driven by a verge-and-crown-wheel escapement. In this analysis, however, the following energy-based escapement is considered
where
is a reference energy level, φ ref is the reference amplitude and H i is the Hamiltonian for the uncoupled and unforced pendulum i, which is defined as:
It should be noticed that system (9) with input (13) has at least two invariant sets, namely the anti-phase invariant set Ω 1 := φ 1 = −φ 2 ,φ 1 = −φ 2 , x 3 = 0,ẋ 3 = 0 and the in-phase invariant set Ω 2 := φ 1 = φ 2 ,φ 1 =φ 2 , x 3 = 0,ẋ 3 = 0 , see [7] . In addition, the local stability of the set Ω 1 has been proven in [7] .
Adjustment of the experimental setup to mimic Huygens' system
The experimental setup of Fig. 3 can be adjusted to mimic Huygens' system of Fig. 10 by using state feedback. This requires design of suitable controllers U i , i = 1, 2, 3, which are required to satisfy two objectives. Namely, cancellation of the original dynamics of Eq. (1) and enforcing the dynamics of Eq. (9) corresponding to Huygens' clocks system. The cancellation part is achieved by using feedforward compensation.
In order to enforce the dynamics of Huygens' clocks, the coordinate system of the experimental setup is transformed to a new set of coordinates, in which translational displacements are mapped to rotation angles. From Fig. 10 it is clear that the horizontal projection of the rotation angle of pendulum i is given by
Therefore, the translational coordinates x i , i = 1, 2, corresponding to the experimental setup can be related with the rotational coordinates φ i , i = 1, 2, corresponding to the pendula according to
All the experiments are carried out by using parameters such that
In order to complete the adjustment of the experimental setup, the actuations U i , i = 1, 2, 3 in (1) are defined as:
where Ψ =
, are as given in (9), and u i , i = 1, 2 are as given in (13) . Clearly, in closed loop, the dynamics of Eq. (1) with controllers (18)- (19) coincide with the dynamics of Eq. (9) . Note that the first two terms on the right-hand side of (18) and the second and third terms on the right-hand side of (19) cancel the original dynamics in Eq. (1). Therefore, the experimental setup has been "converted" into the classical Huygens' model. Note that in the ideal case, a perfect cancellation of the original dynamics (1) is achieved by using the first part of (18) and (19) . However, in practice, the dynamics are not perfectly known and therefore a perfect cancellation of the original dynamics (1) cannot be achieved. From a control point of view this is not an issue because normally a controller should be robust enough such that the unavoidable mismatches between models and plants can be handled by the controller. In this case, an estimator of disturbances [20] has been used. Such an estimator identifies the unmodeled dynamics and the mismatches between (1) and the real experimental setup.
Experimental results
Two experimental results are presented where phase synchronization of the self-driven pendula described by Eqs. (9) and (13) is observed. In a first experiment, the experimental setup is adjusted in order to mimic the controlled system (9) and (13) 
Discussion
The contributions of the paper are highlighted as follows:
• Until now, the experimental setups constructed/used to study Huygens' synchronization had the limitation that the experimental analysis can be carried out only for one type of oscillators, namely pendulums (or rather metronomes) [15] [16] [17] , because the inherent dynamics of the system cannot be modified. The experimental setup presented in Section 2, can be adjusted in order to mimic the dynamics of different nonlinear oscillators. This feature allows to experimentally study the synchronization phenomenon occurring in oscillators with Huygens coupling.
• In [16] and [17] , an experimental study corresponding to the synchronizing behaviour of two metronomes coupled by a rigid platform is presented. In both cases, the authors report that by increasing/decreasing the mass of the platform in-phase and anti-phase synchronization can be observed. In Section 3, it has been shown that this is also true for the case where the metronomes are replaced by two self-driven discontinuous mass-spring-damper oscillators. Obviously, this result suggests that this may be true for other second order nonlinear oscillators [19, 22, 23] .
• It has been shown in Section 4 that by using state feedback in the experimental setup, it is possible to enforce specific desirable oscillators' dynamics and likewise it is possible to modify, if desired, the behaviour of the coupling bar. By doing this Huygens' classical experiment has been reproduced. Different to other experiments, where the pendula are driven by discontinuous escapements [15, 16] , in this work an energy-based escapement has been considered. In fact, it should be noted that any other escapement can be implemented. The obtained results suggest that the synchronized motion of the pendula is independent of the type of escapement used to keep the pendulum clocks running.
Conclusions
Experimental analyses related to the phase synchronization occurring in two nonlinear oscillators with Huygens' coupling have been presented. For the particular case, where the dynamics of the oscillators corresponds with two self-driven discontinuous mass-spring-damper oscillators, it has been shown that the coupling strength (the ratio between the mass of the oscillators and the mass of the bar) influences the onset of in-phase and anti-phase synchronization. Additionally, by using state feedback, the dynamics of our experimental setup has been converted to the dynamics of Huygens' clocks system. The experiments presented here demonstrate that the synchronization phenomenon observed by Huygens more than 300 years ago in a pair of pendulum clocks can also be observed if the pendulums are replaced by other nonlinear oscillators. With respect to the synchronization results presented in Section 3, it is still necessary to carry out a complete and rigorous nonlinear stability analysis. In addition, the versatility of our experimental setup can be used in future research to experimentally study the emergence of in-phase and anti-phase synchronization in several nonlinear dynamical systems.
